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The Scenario

� The ith of p laboratories makes ni repeated

measurements of the same quantity.

� The laboratories make measurements with

di�erent precisions.

� The selected laboratories can be regarded

as a random sample from a population (i.e.,

they're exchangable).

The Problem

How should one estimate the `grand

mean' and between-laboratory vari-

ance?



Example: Arsenic in Oyster Tissue

(NIST Standard Reference Material

1566a)
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Arsenic in SRM 1566a:
Means and 95% Confidence Intervals



Hierarchical Model With Noninformative

Priors

(Model A)

i = 1; : : : ; p indexes laboratories

j = 1; : : : ; ni indexes measurements

p(xijj�i; �2i ) = N(�i; �
2
i )

p(�i) / 1=�i

p(�ij�; �2) = N(�; �2)

p(�) = 1

p(�) = 1



A Useful Probability Density

Let T� and Z denote independent Student-t

and standard normal random variables, and as-

sume that  � 0 and � > 0. Then

U = T� + Z

r


2

has density

f� (u; �) � 1

��=2
p
�

Z
1

0

y(�+1)=2�1e
�y
h
1+ u2

y+�

i
p
y+ �

dy:



Posterior of (�; �): Hierarchical Model A

� The posterior of (�; �) for general p(�) is

p(�; �jfxijg) / p(�)
pY

i=1

1

ti
fni�1

"
xi � �

ti
;
2�2

t2i

#
:

� The posterior of � given � = 0 is a product

of scaled t-densities centered at the xi.

� We will take p(�) = 1.



Model A Posteriors for Arsenic Data:

(�; �)

Mean

B
et

w
ee

n-
La

b.
 S

ta
nd

. D
ev

.

12 13 14 15

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Contours of Marginal Posterior Distribution

0.5
0.75

0.9
0.95
0.975
0.99

0.999

•

Mode



Model A Posteriors for Arsenic Data:

� and �
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Post. mean =  13.231  Post. S.D. =  0.273 12.66  <  mean <  13.738
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Post. mean =  1.356  Post. S.D. =  0.204 1.012  <  sigma <  1.822



Small Simulation Comparing

Bayesian and Frequentist Intervals

� = 0

�i = �e

�2+ �2e = 1

� = �2=(�2e + �2) = 1=2

Confidence Intervals
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A Second Hierarchical Model

(Model B)

i = 1; : : : ; p indexes laboratories

j = 1; : : : ; ni indexes measurements

p(xijj�i; �2i ) = N(�i; �
2
i )

p(�2i ) = ��1(�2; �
2)

p(�ij�; �2) = N(�; �2)

p(�) = 1

p(�2) = ��1(�1; �
2)

p(�2) / 1=�2



Some Consequences of Model B

Denote intralab correlations by

�i =
�2

�2+ �2i
:

Then

p(�ij�2) = �(�2; �1);

for all i and all �2. So the constants (�1; �2)

summarize prior information on the �i. For

�1 = �2 = 1, p(�i) = U(0;1).



Posterior of (�; �): Hierarchical Model B

p(�; �2; �2jfxijg) /
e��

2=�2(�2)p�2+�1

(�2)�1+1
p(�2)

�
2
4 pY
i=1

�
�it

2
i +2�2=ni

�
�(�i+1)=2

3
5
2
4 pY
i=1

f�i (x; 'i)

3
5 ;

where �i = ni � 2�2 � 1,

'i =

 
�i
�i

!
2�2

t2i +2�2=(ni�i)
;

x =
(xi � �)

p
�iq

�it
2
i +2�2=ni

For ni su�ciently large, Model B posterior ap-

proaches the result for Model A.



BUGS Code for Model B Posterior

Calculations

model arsenic;
const

SAMPLES = 137, # Number of data values
LABS = 28, # Number of labs
par1 = 1, # "Between" Shape
par2 = 1; # "Within" Shape

var
y[SAMPLES], lab[SAMPLES], delta[LABS], mu,
tau.within[LABS], rho[LABS],
sig.within[LABS], tau.between,
sig.between, alpha;

data lab,y in "arsenic.dat";
inits in "arsenic.in";
{
for (i in 1:SAMPLES) {

y[i] ~ dnorm(delta[lab[i]], tau.within[lab[i]]);
}

for (i in 1:LABS) {
delta[i] ~ dnorm(mu, tau.between);
tau.within[i] ~ dgamma(par2, alpha)
sig.within[i] <- sqrt(1/tau.within[i])
rho[i] <- tau.within[i]/(tau.between+tau.within[i])

}
mu ~ dnorm(0.0, 1.0E-10);
alpha ~ dgamma(0.001, 0.001);
tau.between ~ dgamma(par1, alpha);
sig.between <-sqrt(1/tau.between)

}



Posterior Distribution of � for the Arsenic

Data (Model B)
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Model B Posterior for Arsenic Data:
Gibbs Sampler Using BUGS



Posterior Distribution of � for the Arsenic

Data (Model B)
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Example: Dietary Fiber in Apricots

Li and Cardozo (1994)

J. Of AOAC Int., 77, p. 689

Lab. xi s2i ni
1 25.32 0.37 2
2 26.72 0.62 2
3 27.89 0.35 2
4 27.70 1.85 2
5 27.42 0.61 2
6 24.30 0.21 2
7 27.11 0.37 2
8 27.28 0.09 2
9 25.37 0.08 2
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Pro�le Likelihood for Apricot Fiber Data
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Model A Posteriors for Apricot Data:
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Model A Posteriors for Apricot Data:

� and �
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Post. mean =  26.499  Post. S.D. =  0.599 25.224  <  mean <  27.611
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Post. mean =  1.469  Post. S.D. =  0.583 0.629  <  sigma <  2.841



Posterior Distribution of � for the Apricot

Data (Model B)
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Gibbs Sampler Using BUGS



Posterior Distribution of � for the Apricot

Data (Model B)
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Summary and Conclusions

� Two hierarchical models are proposed for

use in combining information in `one-way

models'; speci�cally for the grand mean

and inter-laboratory variance in collabora-

tive studies.

� The models allow for heteroscedasticity and

unbalancedness.

� The models give similar results for ni `large

enough'.

� A simulation suggests that at least Model

A leads to probability regions with reason-

able frequency properties.


